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Abstract. Wc find a new class of Hopf algebras, local quasitriangular Hopf algebras, which 
generalize quasitriangular Hopf algebras. Using these Hopf algebras, we obtain solutions of 
the Yang-Baxter equation in a systematic way. The category of modules with finite cycles 
over a local quasitriangular Hopf algebra is a braided tensor category. 

Key words: Hopf algebra; braided category 

2000 Mathematics Subject Classification: 16W30; 16G10 



1 Introduction 

The Yang-Baxter equation first came up in the paper by Yang as factorization condition of 
the scattering S-matrix in the many-body problem in one dimension and in the work by Baxter 
on exactly solvable models in statistical mechanics. It has been playing an important role in 
mathematics and physics (see [2l[T6]). Attempts to find solutions of the Yang-Baxter equation 
in a systematic way have led to the theory of quantum groups and quasitriangular Hopf algebras 
(see ^^). 

Since the category of modules with finite cycles over a local quasitriangular Hopf algebra is 
a braided tensor category, we may also find solutions of the Yang-Baxter equation in a systematic 
way. 

The main results in this paper are summarized in the following statement. 

Theorem 1. (i) Assume that {H,{Rn}) is a local quasitriangular Hopf algebra. Then {hM'^^, 
C^^"-^); {hM^^^ ,0^^"^^) and (hM^^ jC^^""^) are braided tensor categories. Furthermore, if 
(M, a~) is an H -module with finite cycles and Rn+i = Rn + Wn with Wn € Hn+i ® 
then (M, a~,(5~) is a Yetter-Drinfeld H -module. 

(a) Assume that B is a finite dimensional Hopf algebra and M is a finite dimensional B- 
Hopf bimodule. Then {{TB{M)y"^ 1X1,- T^, (M*), is a local quasitriangular Hopf algebra. 

Furthermore, if{kQ^,kQ'^) and (kQ^jkQ'^^) are arrow dual pairings with finite Hopf quiver Q, 
then both ((A;Q'^)™p ixi^ kQ'^, {Rn}) and ((A;Q*)™p \Xir kQ'^'^, {Rn}) are local quasitriangular Hopf 
algebras. 



2 Preliminaries 

Throughout, we work over a fixed field k. All algebras, coalgebras, Hopf algebras, and so on, 
are defined over k. Books [71 fTTj [T5| [T3] provide the necessary background for Hopf algebras 
and book [1] provides a nice description of the path algebra approach. 

Let V and W be two vector spaces, ay denotes the map from V to V** by defining 
{avix),f) = {f,x) for any f € V*, x e V. Cv,w denotes the map from V (S)W to W (SiV 
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by defining Cv,w{x ^y) = y (8) x for any x eV, y eW. Denote P by P' P" for P eV^W. 
If y is a finite-dimensional vector space over field k with V* = Homfc(y, /c). Define maps 
bv : k ^ V 0V* and dv : V* ^ k hy 

= '^Vi(g) V* and ^ dv{v* ® vj) = {v*,Vj), 

i i,j 

where {vi | z = 1, 2, . . . , n} is any basis of V and {f,* | i = 1, 2, . . . , n} is its dual basis in V* . dy 
and hv are called evaluation and coevaluation of V ^ respectively. It is clear {dv®idu){idij®hv) = 
idjj and {idy dv){hy ® idy) = idy. £,y denotes the linear isomorphism from V to V* by 
sending Vi to v* for i = 1,2, ... ,n. Note that we can define evaluation dy when V is infinite. 

We will use fi to denote the multiplication map of an algebra and use A to denote the 
comultiplication of a coalgebra. For a (left or right) module and a (left or right) comodule, 
denote by a~ , a^, 5^ and 6^ the left module, right module, left comodule and right comodule 
structure maps, respectively. The Sweedler's sigma notations for coalgebras and comodules 
are A(x) = X] xi (g) X2, S~{x) = I]x(„i) (g) X(o), 6^{x) = Yy^io) ® ^^(i). Let {H, jj,?], A,e) be 
a bialgebra and let A=°p := Ch,h^ and //°p := fiCH,H- We denote {H, n, rj, A™p, e) by i7=°P and 
{H, //°P, 1], A, e) by ff°P. Sometimes, we also denote the unit element of H by 1h- 

Let A and H be two bialgebras with X C A , Y C H and P£Y^X,ReY®Y. 
Assume that r is a linear map from H ® A to k. We give the following notations. 

{Y, R) is called almost cocommutative if the following condition satisfied: 

(AGO) : y^^' ® y^^" = Yl ® ^"y^ y^^- 

T is called a skew pairing on i7 (g) yl if for any x,u G H, y,z € A the following conditions are 
satisfied: 

(SPl) : r(x, yz) = ^ t(xi, y)T(x2, z); 
(SP2) : t{xu, z) = ^ t(x, Z2)t{u, zi); 
(SP3) : r(x,r?) = enix); 
(SP4): r(??,2/) =eA(y). 

P is called a copairing of 1" (g X if for any x,u G if, y,z G A the following conditions are 
satisfied: 

(GPl): ^ P' O P^' = ^ P'Q' «) ® -P" with P = Q; 
(GPl) : ^P{(gP^0P" = ^P'(g)Q'®P"Q'' with P = Q; 
(GPS): ^P'®eA(P") = ??/f; 
(GP4): ^eH(P')^^"' = ??A. 

For R ^ H ® H and two //-modules U and y, define a linear map C^y from to V ®U 

by sending (x (g y) to ^ R"y (g) P'x for any x & U, y G V. 

li V = ^^qVi is a graded vector space, let y>„ and V<n denote ™d (Bf=QVi, 

respectively. We usually denote 0f=o^ ^ly V(„). If diniFj < oo for any natural number i, then F 
is called a local finite graded vector space. We denote by ti the natural injection from Vi to V 
and by VTj the corresponding projection from V to Vi. 

Let H he a bialgebra and a graded coalgebra with an invertible element P„ in //(„) //{«) 
for any natural n. Assume Rn+i = Rn + Wn with Wn € ig) -ffn+i + Hn+i g) -ff(n+i)- 

(if, {Pn}) is called a local quasitriangular bialgebra if Rn is a copairing on i/(„) (g -f/(„), and 
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(-ff(„),i2n) is almost cocommutative for any natural number n. In this case, {Rn} is called 
a local quasitriangular structure of H. Obviously, if (H, R) is a quasitriangular bialgebra, then 
{H, {Rn}) is a local quasitriangular bialgebra with Rq = R, Ri = 0, Hq = H, Hi = for i > 0. 

The following facts are obvious: = T{idH "S") (or = t{S~^ idA)) if A is a Hopf algebra 
(or H is a Hopf algebra with invertible antipode) and r is a skew pairing; = (S ® idA)P 
(or = {idn ® S"^)P) if is a Hopf algebra (or ^ is a Hopf algebra with invertible antipode) 
and P is a copairing. 

Let A be an algebra and M be an j4-bimodule. Then the tensor algebra T^(Af ) of M over A 
is a graded algebra with Ta{M)o = A, Ta{M)i = M and TA{M)n = ®\M for n > 1. That is, 
Ta{M) = ^© (0,„>o (see [E])- Let D be another algebra. If h is an algebra map from A 

to D and / is an j4-bimodule map from M to D, then by the universal property of Ta{M) (see \\.2\ 
Proposition 1.4.1]) there is a unique algebra map TA{h, f) : Ta{M) — > D such that TA{h, /)io = h 
and TA{h,f)ii = f. One can easily see that TaIH, f) = h + Y^n>o f^'^'~^'^nif), where r„(/) is 
the map from (g)^M to ^^XD given by r„(/)(xi ® X2 ® ■ ■ ■ ® Xn) = f{xi) ® /(X2) • • • f{xn), 
i.e., Tn{f) = f (8)yi / • • • ®A /• Note that /i can be viewed as a map from D 0^ D to D. For 
the details, the reader is directed to [lH Section 1.4]. 

Dually, let C be a coalgebra and let M be a C-bicomodule. Then the cotensor coal- 
gebra T^{M) of M over C is a graded coalgebra with r^(M)o = C, T^{M)i = M and 
T^{M)n = n^M for n > 1. That is, T^{M) = C ® (0„>o ^c^^) (see [12]). Let D be 
another coalgebra. If /i is a coalgebra map from D to C and / is a C-bicomodule map from D 
to M such that /(corad(-D)) = 0, then by the universal property of Tq{M) (see |12l Proposi- 
tion 1.4.2]) there is a unique coalgebra map T^{h, /) from D to T^(M) such that noT^^h, f) = h 
and7rir^(/i,/) = /. It is not difficult to see that r5(/i, /) = /i + ^„>o r^(/)A„_i, where r^(/) 
is the map from O^D to Dg-M induced by Tn{f){xi0X2®- ■ -^Xn) = f{xi)®f{x2)(E>- ■ -(Eifixn), 
i.e., T^iif) = / ® / . . . ® /. 

Furthermore, if is a Hopf algebra and Af is a S-Hopf bimodule, then Tb{M) and T^{M) 
are two graded Hopf algebra. Indeed, by [121 Section 1.4] and [121 Proposition 1.5.1], Tb{M) is 
a graded Hopf algebra with the counit e = esvro and the comultiplication A = (to (8 '■o)^^ + 
I]n>o/^"'~^^n(^A^)' where Am = (to i^i)Sm + (''i ® ^o)*^!/- Dually, r^(M) is a graded Hopf 
algebra with multiplication /x = //^(Tro (8) ttq) -|- ^n>o ^n(A*M)An-i, where /hm = "^('''"0 ^t^i) + 
a|/(vri (g) vTo). 

3 Yang— Baxter equations 

Assume that H is a bialgebra and a graded coalgebra with an invertible element Rn in ®H{n) 
for any natural n. For convenience, let (LQTl), (LQT2) and (LQT3) denote (CPl), (CP2) and 
(AGO), respectively; 

(LQT4) : Rn+l=Rn + Wn with VFn, G if(„+i) ® if„+i «)i/(„+i); 

(LQT4') : Rn+l = Rn + Wn with Wn G Hn+l ® i/„+i. 

Then (H, {-Rn}) is a local quasitriangular bialgebra if and only if (LQTl), (LQT2), (LQT3) 
and (LQT4) hold for any natural number n. 

Let H he a graded coalgebra and a bialgebra. A left i?-module M is called an if-module 
with finite cycles if, for any x G M, there exists a natural number rix such that HiX = when 
i > Tlx- Let H-M.^^ denote the category of all left //-modules with finite cycles. 

Lemma 1. Let H he a graded coalgebra and a bialgebra. If U and V are left H-modules with 
finite cycles, so is U ®V . 
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Proof. For any x £ U, y gV, there exist two natural numbers Hx and Uy, such that H^n^cX = 
and HynyV = 0. Set Ux^y = 2nx + 2ny. It is clear that H^nx^y{x (8) y) = 0. Indeed, for any 
h € Hi with i > rix^y, we see 

h{x (8) y) = /iix (8) /i2y = (since H is graded coalgebra). ■ 

Lemma 2. Assume that {H, {Rn}) is a local quasitriangular Hopf algebra. Then for any left H- 
modules U and V with finite cycles, there exists an invertible linear map 
such that 

cifyHx y) := C^" {x®y) = Y, Ky ® 
with n > 2nx + 2ny, for x U , y £ V. 

Proof. We first define a map / from U x V to V 0U hy sending (x, y) to ^ R'^y (8 R'nX with 
n > 2nx + 2nj^ for any x U , y £ V . It is clear that / is well defined. Indeed, if n > 2nx + 2ny, 
then C^"+i(x®y) = C^"(x(8y) since = Rn+Wn with G i?(„+i)(8)i?n+i+i^n+i(8i/(„+i). 
/ is a A;-balanced function. Indeed, for x,y £ U , z,w (z V , a (z k, let n > 2nx + 2ny + 2nz. See 

/(x + y, z) = ^ Rlz ® <(x + y) = 5Z <^ <x + ^ <z ® <y 
= f{x,z) + /(y,2;). 

Similarly, we can show that /(x, z + = /(x, z) + /(x, ti;), f{xa, z) = /(x, az). Consequently, 
there exists a linear map C^^^ : [/ ® 1/ ^ y ;7 such that 

cij^v^{x®y) = C^-{x®y) 

with n > 2nx + 2ny, for x U , y V. 

The inverse (cJJ'^)-! of cjj^y^ is defined by sending {y O x) to E(^n^)'a; ® (-Rn^)"?/ with 
n > 2nx + 2ny for any x G U, y G V. ■ 

Theorem 2. Assume that {H, {Rn}) is a local quasitriangular Hopf algebra. Then {h.M'^^, 
(j{Rn}^ j^g Q tensor category. 

Proof. Since H is a bialgebra, we have that {HM,®,I,a,r,l) is a tensor category by [HI 
Proposition XI. 3.1]. It follows from Lemma [T] that {hM'^^ ,®, I,a,,r,l) is a tensor subcategory 
of {HM,(^,I,a,r,l). C^-^"} is a braiding of i^A^'^^, which can be shown by the way similar to 
the proof of [141 Proposition VIII. 3.1, Proposition XIII. 1.4]. ■ 

An iJ-module M is called a graded ff-module if M = ©^q-^* ^ graded vector space and 
HiMj C Mj+j for any natural number i and j. 

Lemma 3. Assume that H is a local finite graded coalgebra and bialgebra. If M = ©^o-^« ^■^ 
a graded H -module, then the following conditions are equivalent: 

(i) M is an H -module with finite cycles; 
(a) Hx is finite dimensional for any x S M; 

(Hi) Hx is finite dimensional for any homogeneous element x in M. 

Proof, (i) =^ (ii). For any x S M, there exists a natural number Ux such that HiX = with 
i > Hx. Since H/{0 : x)h — Hx, where (0 : x)h ■= {h G H \ h ■ x = 0}, we have that Hx is 
finite dimensional. 

(ii) =^ (iii). It is clear. 
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(iii) =^ (i). We first show that, for any homogeneous element x G Mi, there exists a natural 
number such that HjX = with j > Ux- In fact, if the above does not hold, then there 
exists /ij G such that hjX ^ with rii < n2 < ■ ■ ■ ■ Considering hjX G Mn^+i we have 
that {hjX I j = 1,2, ... } is linear independent in Hx, which contradicts to that Hx is finite 
dimensional. 

For any x G M, then x = ^^1=1 ^« ^'^d ^ homogeneous element for i = 1, 2, . . . , L There 
exists a natural number n^,. such that HjXi = with j > n^;^. Set = '}2\=inxs- Then 
-f/jX = with j > Ux- Consequently, M is an if- module with finite cycles. ■ 

Note that if M = ©^q-^^* ^ graded i/-module, then both (ii) (iii) and (iii) =^ (i) hold 
in Lemma [31 

Let H-M^^ and hM^'^^ denote the category of all finite dimensional graded left //-modules 
and the category of all graded left //-modules with finite cycles. Obviously, they are two tensor 
subcategories of uM'^^ . Therefore we have 

Theorem 3. Assume that (//, {Rn}) is a local quasitriangular Hopf algebra. Then {hM-^^ ^ 
C{^"}) and (hXS'^C^^"^) are two braided tensor categories. 

Therefore, if M is a finite dimensional graded //-module (or //-module with finite cycles) 
over local quasitriangular Hopf algebra (//,{/?„}), then C]^^^ is a solution of Yang-Baxter 
equation on M. 

It is easy to prove the following. 

Theorem 4. Assume that (//, {Rn}) is a local quasitriangular Hopf algebra and Rn+i = Rn+Wn 
with Wn G Hn+i (8) //(.„+!). If (M, a~) is an H -modules with finite cycles then {M,a~ ,d~) is 
a Yetter-Drinfeld H -module, where 5~{x) = ^ R'^ C?) R'^x for any x £ M and n > Hx- 

4 Relation between tensor algebras and co-tensor coalgebras 

Lemma 4 (See [U |7j). Let A, B and C be finite dimensional coalgebras, {M,6~^,6^j) and 
{N,6j^,6~^) be respectively a finite dimensional A-B -bicomodule and a finite dimensional B-C- 
bicomodule. Then 

(i) {M* , 6]^* , S^*) is a finite dimensional A* -B* -bimodule; 

(ii) {Mn^N, 6~^^^^, 5^^^^) is an A-C -bicomodule with structure maps (^^fo^^ = S~^'S>idN 

and = idM ^ (5^; 

(iii) M* N* ^ (MObN)* (as A* -C* -bimodules) . 

Lemma 5 (See [Sj [7]). Let A, B and C be finite dimensional algebras, (M, a^j,a^j) and 
{N,ajf,a~^) be respectively a finite dimensional A-B -bimodule and a finite dimensional B-C- 
bimodule. Then 

(i) (M*, a]^*, a^*) is a finite dimensional A* -B* -bicomodule; 

(ii) (M(8)B A^, a^^^jy, aj^^^jy) is an A-C -bimodule with structure maps ajv/^gAr = a^(Siid]\r 

(iii) M*aB*N* ^{M(g)BN)* (as A*-C*-bicomodules). 

Proof, (i) and (ii) are easy, 
(iii) Consider 

M*aB-'N* ^ {M*aB*N*y* ^ {M(g)BNy (by Lemma i]). 



Of course, we can also prove it in the dual way of the proof of Lemma HI by sending / ®k 9 to 
/ 0s* g for any / G M*, 5 G A^* with f ®g e M*Ub*N*. ■ 
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Theorem 5. If A is a finite dimensional algebra and M is a finite dimensional A-bimodule, 
then Ta{M) is isomorphic to subalgebra YlnLoi^A*-^-^*)* ^/ C^l* (-^^*))'^ under map (^TAiM) ^'^^ 

f^TA(M) = (^A + I]„>0 lJ^~^Tn{aM) with fl'^-^TnicTAf) = a^-^^M- 

Proof. We view ©5^Q(n^*M*)* as inner direct sum of vector spaces. It is clear that is 
algebra homomorphism from A to A** C (T^, (M*))* and is a A-bimodule homomorphism 
from M to M** C {T%,{M*))* . Thus it follows from [H Proposition 1.4.1] that </> = + 
^^^Q /i"^^T„(cJA/) is an algebra homomorphism from T^(M) to (T^*(M*))*. 

It follows from Lemma H] (iii) that /x"~"'^T„((Ta/) = cj^jm- Indeed, we use induction on n > 0. 
Obviously, the conclusion holds when n = 1. Let n > 1, = (g)^"^M, L = (D^^^M*)* and 
C = ii^~'^Tn-i{cr m) ■ Obviously, fi'^~^Tn{(7M) = fJ-iC ^a/). By inductive assumption, C = ctat is 
an A-bimodule isomorphism from N to L. See 

(8)^M = (g)A M = L (g)A M** (by inductive assumption) 

^ ((□;^-iM*)nA-M*)* (by Lemmall(iii)) 

= {a%M*y, 

where z^i = aN (S>a(^m, Mf** (^A9**) = f** (^A" 9** and 1/3(7** Oa" 5**) = /** ^fc 5** for any 
/** € (n^^^Af*)*, g** G A/**. Now we have to show ^32^2^^! = ^igi^M = fi"'~^Tn{crM)- For any 
/* G 0^7^ Af*, 5* e Af*, X G ®^"^Af , y G Af , on the one hand 

{cr<i^lM{x®Ay),f* (^k9*) = {f*,x){g*,y). 
On the other hand, 

{u3i^2'^i{x (g)yi y),f* (8)fc g*) = {y3V-2{aN{x) ®a cruiy)), f* 9*) 

= {gm {x)®k(7N{y),f*®k9*) = {f*,x){9*,y). 

Thus z/3i/2i^i = cr^r^M- See 

(^(C ®A fTAf)(x (g)A y), f* 0fc 5*) = {C{x) ®A CTAf (y), A(/* ®fc 5*)) 

= {C{x),n{aM{y),9*) = {r,x){g*,y). 

Thus (TgjnA'/ = /i""^r„(fJA/f). 

Finally, for any x G Ta{M) with 2; = x^^) + x^^) H h x^") and x^*) G (8)^Af , 

n n 

^(x) = ^0(x«) = ^(j^.^^(x») = ar^(A^)(x). ■ 

i=l 1=1 

5 (Co-)tensor Hopf algebras 

Lemma 6. Assume that B is a finite dimensional Hopf algebra and M is a finite dimensional 
B-Hopf bimodule. Let A := Tb{MY°p, H := T%.{M*). Then 

(i) (j) := as + YliiyQ l^^~^'^i{^M) is a Hopf algebra isomorphism from Tb{M) to the Hopf 
subalgebra E^=o(°B*^*)* of (r|.(A^*))0; 

(a) Let <j)n := (j) |a(„) for any natural number n > 0. Then there exists ipn '■ (^(n))* ~^ ^(n) 
such that 4>ntpn = and il)n(kn = idA^^y and ipn+iix) = ipn{x) for any x G (-??(„))*• 

Furthermore, and ipn preserve the (co) multiplication operations ofTsiM) and (T^*(Af*))^, 
respectively. 
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Proof, (i) We first show that (D^.M*)* C (r|.(M*))0. For any / e (D'^.M*)*, E»=n+i°B*^* 
C kerf and Yl'^n+i^h*-^* ^ finite codimensional ideal of T^, (M*). Consequently, / G 

(r|.(M*))o. 

Next we show that (p := aB + "^nyo A*" ^^n(o"M) (see the proof of Theorem[5|) is a coalgebra 
homomorphism from Tb{M) to Ei^o(°s*^ )*• For any x G ®^M, f,g e T^^^M*), on the 
one hand 

{4>ix) ,f * g) = if * 9,x) (by Theorem [5]) 

= X]'^-^'^i^^5',a;2) = ^((/)(xi),/)(0(x2),5)- 

X X 

On the other hand 

{(^{x), f*g) = Y,{{m)u f)mx))2,9), 

since (^(x) G (r|.(M*))0. Considering rg.(M*) = ©„>oDS.M* ^ ®n>o(OBM)* as vec- 
tor spaces, we have that Tb*{M*) is dense in {Tb{M))* . Consequently, '^(j){xi) ® 4>{x2) = 
^{4>{x))i (8) ((/>(x))2, i.e. (/> is a coalgebra homomorphism. 

(ii) It follows from Theorem [5j ■ 

Recall the double cross product ixi^ H, defined in [iTl p. 36]) and [HI Definition IX. 2. 2]. 
Assume that H and A are two bialgebras; {A, a) is a left //-module coalgebra and {H, (3) is 
a right A-module coalgebra. We define the multiplication m^), unit -qo, comultiplication A/) 
and counit on A ^ H as follows: 

^fD((a (8) /i) ® (& (8) g)) = ^ aa(/ii, 6i) (g) P{h2,b2)g, 
Aoia (g) /i) = ^(ai /ii <8> a2 (8) /i2), 

eD = eA (g Vd = VA^ rjH for any a, 6 G A, h,geH. We denote (A /izj, rjOj^^D, ^d) by 
j4aixi^//, which is called the double cross product of A and H. 

Lemma 7 (See [8]). Zet // and A be two bialgebras. Assume that r is an invertible skew pairing 
on H(i)A. If we define a{h, a) = X]t(/ii, ai)a2r~^(/i2, 03) and P{h,a) = X]t(/ii, ai)/i2T~^(/i3, 02) 
then the double cross product A^ ixi/j H of A and H is a bialgebra. Furthermore, if A and H 
are two Hopf algebras, then so is A^ cxi^ H . 

Proof. We can check that {A, a) is an iJ-module coalgebra and (iJ, [3) is an 74-module coal- 
gebra step by step. We can also check that (M1)-(M4) in [iTl pp. 36-37] hold step by step. 
Consequently, it follows from |17^ Corollary 1.8, Theorem 1.5] or [14^ Theorem IX. 2. 3] that 
Aa 1X1/3 -ff is a Hopf algebra. ■ 

In this case, Aa ixi/3 H can be written as A M,- H. 

Lemma 8. Let H and A be two Hopf algebra. Assume that there exists a Hopf algebra monomor- 
phism (j) : . Set t = dnifj) ® idH)CH,A- Then Afxir H is Hopf algebra. 

Proof. Using [10\ Proposition 2.4] or the definition of the evaluation and coevaluation on tensor 
product, we can obtain that r is a skew pairing on H ® A. Considering Lemma [Tj we complete 
the proof. ■ 

Lemma 9. (i) If H = (B^^^Hn is a graded bialgebra and Hq has an invertible antipode, then H 
has an invertible antipode. 

(ii) Assume that B is a finite dimensional Hopf algebra and M is a B-Hopf bimodule. Then 
both Tb{M) and T^{M) have invertible antipodes. 
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Proof, (i) It is clear that if°P is a graded bialgebra with (i?°P)o = iHo)^°^\ Thus H°p has 
an antipode by [12\ Proposition 1.5.1]. However, the antipode of is the inverse of antipode 
of H. 

(ii) It follows from (i). ■ 

Lemma 10. Let A = (B^^qAj^ and H = (B^^^Hn be two graded Hopf algebras with invertible 
antipodes. Let t be a skew pairing on (H (g) A) and Pn be a copairing of H(n) ® ^(n) for any 
natural number n. Set D = A ixi^ H and [Pn] = 1a ® Pn ® ^H- Then is almost 

cocommutative on ^(n) if f^iT-d only if 

(ACOl) : Y.P'y^®P"®y^ =Y.y4P'®P2^y2r{yi,Pi')T-\y3,P!,') for any y G H^^y, 
(AC02) : '^X2(E) P'®xiP" =Y,X2® P2® P"xiT{P[,xi)T-^{P^,X3) for any X G 

Proof. It is clear that {D, {[Pn]}) is almost cocommutative on -D(n) if and only if the following 
holds: 

^ X2 y^P' ^ xiP^' ^ y2T{yuPi')T~\y3, P^') 

= X2 ® P2?/l P"X4 «) y2TiPi,Xi)T~\P;^,X3) (1) 

for any x £ y € 

Assume that both (ACOl) and (AC02) hold. See that 

the left hand of 1^ (^poi) ^ ^ p/^^ ^ ^^p// ^ (AC02) ^.^^^^ ^^^^ ^ 

for any x E y € H{n)- That is, ([l|) holds. 

Conversely, assume that ([T]) holds. Thus we have that 

X2 P' x^P^' eH{lH)r{lH,Pi)r~\lH, P3) 
= Y^X2®P!2(S) P"x4 eH(lH)T(P{,xi)r-i(P^,X3) 

and 

5^ eA(U) 2/4^' ^ i^a' ® y2r{yu Pi)r-\yz, P3) 

= ^a{Ia) P2yi P" ® y2r{P[, Ia)t~\p^, 1a) 

for any x e ^(.„), y G Consequently, (ACOl) and (AC02) hold. ■ 

Lemma 11. Let A = ©^q^" ^'^^ ~ ®'^=o^n be two graded Hopf algebras with invertible 
antipodes. Let t be a skew pairing on (H (8) A) and Pn be a copairing of (-&(„) <S) ^(n)) with 
Pn+i = Pn + Wn and Wn G ® An+i + ® ^(n+1) /o?" o^?/ natural number n. Set 

D = Atx\r H. If T{Pn,x)P" = X and T{y,Pll)P^ = y for any x G y G then 

{D, {[Pn]}) is a local quasitriangular Hopf algebra. 

Proof. It follows from Lemma[7]that D = ©J^g^" i^ ^ Hopf algebra. Let Dn = '^i+j=n Ai®Hj. 
It is clear that D = O'^^oDn is a graded coalgebra. We only need to show that {D, {[Pn]}) is 
almost cocommutative on -D(„). Now fix n. For convenience, we denote P„ by P and Q in the 
following formulae. For any x Ai, y £ Hj with i + j < n, 

the right hand of (ACOl) '''' ^=^^^ y^Q'P' © Q'l © y2T(yi, P")T-^(y3, Q2) 
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= ^ P'yi ® P" (g) y2 = the left hand of (ACOl). 
Similarly, we can show that (AC02) holds on ■ 

Theorem 6. Assume that B is a finite dimensional Hopf algebra and M is a finite dimenaional 
B-Hopf bimodule. Let A := Tb{MY°p , H := T'^,{M*) and D = A ixir H with r := dH{<p O 
id)CH,A- Then {{TB{M)y°'P M,- T^* (M*), {i?„}) is a local quasitriangular Hopf algebra. Here 
Pn = {id® ipn)bH^„y Rn = [Pn] = 1 _B CS" {id ® ipn)bH^„) ®\b*, o-^d ipn OLTS- defined in Lemma^ 

Proof. By Lemma [9] (ii), A and H have invertible antipodes. Assume that ef\ • • • , en} is 
a basis of Hi and e^^* , 63 . . . , en}* is an its dual basis in {Hi)*. Then {e^*^ | i = 0, 1, 2, . . . , n; 
j = 1, 2, . . . , Ui} is a basis of and {ej"^* I * = 0, 1, 2, . . . , n; j = 1, 2, . . . , rii} is its dual basis 
in Thus = Er=o Ei=i ® ef *. See that 

i=0 j=l j=l 
rin+i 

Obviously, X:"=t' ^ V'n+i(ef +^^*) G /^n+i «> ^„+i. It is clear that P„ IS a copairmg on 

H(^n) ® ^(n) aiid r is a skew pairing on if (g) A with ^ t{P^, x)P" = x and ^ T{y, Pn)Pn = ?/ for 
any x G ^(n)i 2/ G -^(n)- We complete the proof by Lemma [TTl ■ 

Note that Rn+i = Rn + Wn with € -Dn+i ® -D^+i in the above theorem. 

6 Quiver Hopf algebras 

A quiver Q = {Qo,Qi, s,t) is an oriented graph, where Qq and Qi are the sets of vertices and 
arrows, respectively; s and t are two maps from Qi to Qq. For any arrow a € Qi, s{a) and t{a) 
are called its start vertex and end vertex, respectively, and a is called an arrow from s{a) to t{a). 
For any n > 0, an n-path or a path of length n in the quiver Q is an ordered sequence of arrows 
p = Onttn-i ■ • • oi with t{ai) = s(ai+i) for all 1 < i < n — 1. Note that a 0-path is exactly a vertex 
and a 1-path is exactly an arrow. In this case, we define s{p) = s{ai), the start vertex of p, and 
t{p) = t(a„), the end vertex of p. For a 0-path x, we have s{x) = t{x) = x. Let Qn be the set 
of n-paths, (5(n) be the set of i-paths with i < n and Qoo be the set of all paths in Q. Let ^Qn 
denote the set of all n-paths from xtoy,x,yG Qq. That is, ^Q^ = {p & Qn \ s{p) = x, t{p) = y}. 
A quiver Q is finite if Qq and Qi are finite sets. 

Let G be a group. Let /C(G) denote the set of conjugate classes in G. r = Yl,ceK{G) 
is called a ramification (or ramification data) of G, if rc is the cardinal number of a set for 
any C G IC{G). We always assume that the cardinal number of the set Ic{f) is rc. Let 
/C,(G) := {C G /C(G) I rc / 0} = {C G /C(G) | Ic{r) / 0}. 

Let G be a group. A quiver Q is called a quiver of G \i Qq = G (i.e., Q = (G, Qi, s, t)). If, 
in addition, there exists a ramification r of G such that the cardinal number of ^Qf is equal 
to rc for any x,y G G with x~^y G G G JC{G), then Q is called a Hopf quiver with respect to the 
ramification data r. In this case, there is a bijection from Ic{r) to ^Qf. Denote by {Q, G, r) the 
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Hopf quiver of G with respect to r. e denotes the unit element of G. {pg \ g € G} denotes the 
dual basis of {5 | (7 € G} of finite group algebra kG. 

Let Q = {G,Qi, s,t) be a quiver of a group G. Then kQi becomes a /cG-bicomodule under 
the natural comodule structures: 

(5~(a) = t(a) ® a, 6^ (a) = a ^ s{a), a £ Qi, (2) 

called an arrow comodule, written as kQi. In this case, the path coalgebra kQ'^ is exactly 
isomorphic to the cotensor coalgebra T^(^(/c(5];) over kG in a natural way (see [3] and [1]). We 
will regard kQ'^ = T^^^kQl) in the following. Moreover, kQi becomes a (A;G)*-bimodule with 
the module structures defined by 

p ■ a := {p,t{a))a, a ■ p := {p, s{a))a, p G (kG)* , a G Qi, (3) 

written as kQf, called an arrow module. Therefore, we have a tensor algebra T(^kGy i^Qi) ■ 
Note that the tensor algebra T(^kG)*{kQi) of kQf over {kG)* is exactly isomorphic to the path 
algebra kQ^. We wiU regard kQ'^ = T^^kG)* (kQi) in the following. 

Lemma 12 (See [3], Theorem 3.3, and [Sj, Theorem 3.1). Let Q be a quiver over group G. Then 
the following statements are equivalent: 
(i) Q is a Hopf quiver. 

(a) Arrow comodule kQi admits a kG-Hopf himodule structure. 

If Q is finite, then the above statements are also equivalent to the following: 

(Hi) Arrow module kQf admits a (kG)* -Hopf himodule structure. 

Assume that Q is a Hopf quiver. It follows from Lemma [T2] that there exist a left kG- 
module structure a~ and a right kG- module structure on arrow comodule {kQ'l,8~ ,5'^) 
such that {kQi, a~, a+, 5+) becomes a /cG-Hopf bimodule, called a co-arrow Hopf bimodule. 
We obtain two graded Hopf algebras TkcikQi) and T^Q{kQ\), called semi-path Hopf algebra 
and co-path Hopf algebra, written as kQ^ and kQ^, respectively. 

Assume that Q is a finite Hopf quiver. Dually, it follows from Lemma [12] that there exist 
a left (/cG)*-comodule structure 5~ and a right (/cG)* -comodule structure S'^ on arrow module 
(feQ", Q~, 0+) such that {kQ\,a~ ,5~ ,5'^) becomes a (A;G)*-Hopf bimodule, called an arrow 
Hopf bimodule. We obtain two graded Hopf algebras T(^kG)*ikQf) and TjF^g,^, (/cQ^), called path 
Hopf algebra and semi-co-path Hopf algebra, written as kQ'^ and kQ^'^, respectively. 

From now on, we assume that Q is a finite Hopf quiver on finite group G. Let ^kQi denote 
the linear map from kQf to (kQi)* by sending a to a* for any a G Qi and ^,kQi denote the linear 
map from kQf to {kQD* by sending a to a* for any a € Qi. It is easy to check the following. 

Lemma 13. (i) If {M,a~ , ,5~ ,6~^) is a finite dimensional B -Hopf bimodule and B is a finite 
dimensional Hopf algebra, then (M* ,6~* ,5'^* ,a~* ,a~^*) is a B* -Hopf bimodule. 

(a) If {kQi, a~ , , 5~ , 6^) is a co-arrow Hopf bimodule, then there exist unique left (kG)*- 
comodule operation and right {kG)* -comodule operation S'^ga such that {kQi,Ci^Qa,Oi'^Qa, 
^kQ^^^kQ"^) becomes a (kG)* -Hopf bimodule and S,kQi becomes a {kG)* -Hopf bimodule isomor- 
phism from {kQi,a^Qa,a^Qa,S'f:Qa,5^Qa) to {{kQf)* , 5~ * , 6+ * , a~ * , 0+ * ) . 

(Hi) If {kQi,a~ ,6~ ,5^^) is an arrow Hopf bimodule, then there exist unique left kG- 
module operation a^Qc and right kG -module Oi^qc such that {kQ\, a^qc, Oi^qc, ^kqc, ^kQ") become 
a kG-Hopf bimodule and ^kQl becomes a kG-Hopf bimodule isomorphism from {kQf, Oi'j^qc , a^qc , 
^kQi^^kQi) to{{kQt)*,6-*,S+*,a-*,a+*). 

(™) ikQl is a {kG)* -Hopf bimodule isomorphism from{kQf, a^qa, ot^qa, ^kQ"^^ ^kQ'^ 

)to {{kQD*, 

"^fcQf *' '^aIq'^*' "^fcQf *' "^fcQ^*) if o-f^d only if ikQi becomes a kG-Hopf bimodule isomorphism from 

{kQ'i,aj^qc,a'^qc,6i^qc,d^qc) to {{kQf)*,Sj,qa*,6^qa*,af,qa*,a^qa*). 
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Let i? be a Hopf algebra and ^M.^ denote the category of i?-Hopf bimodules. Let G 7^opf 
denote the category of graded Hopf algebras. Define Tb{iP) =■ TB{iQ-, ii^j) and T^{ip) ■= 
T^{TrQ,tl'TTi) for any i?-Hopf bimodule homomorphism ■0. 

Lemma 14. Let B be a Hopf algebra. Then Tg and are two functors from ^ T~^opf. 

Proof, (i) If ^/^ is a i?-Hopf bimodule homomorphism from M to M', then Ts^io, iiV') is a graded 
Hopf algebra homomorphism from Tb{M) to Tb{M'). Indeed, let $ := Te(io,iiV')- Then both 
^rs,{M')^ (^®^)^Tfl(Af) are graded algebra maps from Tb{M) to Tb{M')®Tb{M'). Now 
we show that /S.j'g(^M')^ = {^^ ® ^)/S.Tb{M)- Considering that <I> is an algebra homomorphism, 
we only have to show that IS.Tb{M')^^o = ®^)^Tb(m)''^ ^Tb{M')^^'1 = ('^^ *^*)^TB(Af)''l• 
Obviously, the first equation holds. For the second equation, see 

^Tb>{M')^I^I = ^Tb,{M')I^I^ = (iO ® iO'^M'V' + (''1 ® io)^M/V' 

= (/-o "Xi ii){id (g) V')'^M + (^1 ® '-o)(V' ® 'i(^)^M 

= ($ (g) $)(io ® ti)(5^^ + ® ^>)(ti (g) io)5M 

= ($ (8) $)[(to O iO^M + (''I ^ ^o)5a/] 

= ($«)$)Ar5(M)tl. 

Consequently, Tb{lo, i-iip) is a graded Hopf algebra homomorphisms. 

(ii) If -0 is a i?-Hopf bimodule homomorphism from M to M', then Tg(7ro,07ri) is a graded 
Hopf algebra homomorphism from T^{M) to T^{M'). Indeed, let ^ := Tg(7ro, V'vri). Then both 
^/^T<=(A/) and ® ^) are graded coalgebra maps from T^{M) T^{M) to Tg(M'). 
Since T%{M)®T%{M) is a graded coalgebra, corad(r|(M) O r|(M)) C (r|(M) O T^(M))o = 
io(-B)(8)/,o(5). It follows that (vri^/ij^c (j,^))(corad(r|(M) (2)r|(M))) = 0. Thus by the universal 
property of T^(M'), in order to prove ^'/iT|j(Af) = A*r|j(M')(^ (g ^'), we only need to show 
TTn^ jiT^i^M) = '^nlJ'T^{M')(,'^ ® ^) for n = 0, 1. Howcver, this follows from a straightforward 
computation dual to part (i). Furthermore, one can see ^(1) = 1. Hence ^ is an algebra map, 
and so a Hopf algebra map. 

(iii) It is straightforward to check Tb{iP)Tb{iP') = Tb{iPiP') and T^{ip)T^{'ip') = T^{^'ip') for 
i?-Hopf bimodule homomorphisms ip : M' M" and ip' : M ^ M' . 

(iv) TBiidu) = idrpB{M) and T^{idM) = idx-^^i^M)- ■ 

Lemma 15. If ip is a Hopf algebra isomorphism from B to B' and (M, a~, a"*", 5"^) is 
a B-Hopf bimodule, then {M,a~{ip~^ (g idM),Oi^{idM ^ 0""*^); (0 ® ^c^A/)*^", {idM ^ V')'^^) 
a B' -Hopf bimodule. Furthermore TBiiQip, ii) and T^(07ro, vri) are graded Hopf algebra isomor- 
phisms from Tb{M) toTB'{M) and from Tj^{M) toT^,{M), respectively. 

By Lemma [Hand Lemma [13] (ii) and (iii), ('•0, '•iCfcQJ ) and r^g(7ro, ^/cqctti) are gra- 

ded Hopf algebra isomorphisms from T(^kG)* (f^Qi) to T(^kG)*{ikQi)*) and from T^Q{kQ\) to 
^fcG((^Qi)*)' respectively, r^fc,^^. (ttq, CfcQ°vi"i) and TfcG'('-o, /-iC/cQf ) are graded Hopf algebra iso- 
morphisms from T^^QY {kQ\) to T^kG)* ii^Qi)*) ^nd from TkoikQ^) to TkcUkQI)*), respectively. 
Furthermore, (kQfjkQI), {kQ°',kQ'^) and (kQ'^,kQ^^) are said to be arrow dual pairings. 

Theorem 7. Assume that (Q, G, r) is a finite Hopf quiver on finite group G. If {kQ"", kQ'^) and 
{kQ^,kQ^'^) are said to be arrow dual pairings, then 

(i) [{kQ"'Y°^ txi-r kQ'^,{Rn}) is a local quasitriangular Hopf algebra. Here 

Rn = '^Pe^ g ®Pg'S'e+ ^ Pe® q® q® e 
g&G q&Q(n), g^G 

and T{a, b) = 5a^b, for any two paths a and b in Q, where dafi is the Kronecker symbol. 



12 



S. Zhang, M.D. Gould and Y.-Z. Zhang 



1^1 



1^2 



(ii) There exist r and {Rn} such that {{kQ^y°^ co,- kQ'^^,{Rn}) becomes a local quasitrian- 
gular Hopf algebra. 

Proof, (i) Let B := {kG)* and M := kQf. Thus Tb{M) = kQ". Since {kQ^,kQl) is an arrow 
dual pairing, ^^qc is a /cG-Hopf bimodule isomorphism from kQI to {kQD* by Lemma [T3l See 
that 

n,{M*) = Ti,^y,{{kQ<ir) 

TkG iikQIT) (by Lemma [JS]) 

Tkai^Qi ) (by Lemma [T3] and Lemma [H]) 
= kQ^, 

where i^i = ^^{0^^710,711), 1^2 = T^^^^^).. (ttq, (6Qf)"^vri). 

Let H = T%,{M*) and A = TBiMf'P. By Theorem El ((A:Q")™p A:Q^ is a local 

quasitriangular Hopf algebra. Here r = dnifp ^ id)CH,A{{i^2i^i)~^ <8> idyi); -Rn = (^^^ ® ^^22^1 
zdyi (8> V2i^i){^B ® (id (8) ipn)bH(„^ 'S' 1b*), and V'n are defined in Lemma [6l We have to show 
that they are the same as in this theorem. That is, 

dH{4> O id)CH,A{i^2T^i)~^ ® idA){a ®b) = 5a,b (4) 
(Is (g) 6h(„) ®Ib*) = {idA ® {V2l'l)~^ ®(l)n® {^2^1)"^) 

Pe® g®Pg®e+ ^ Pe ® g (8) g (SD e . (5) 
If 6 = bnbn-i • • • 61 is a n-path in kQ^ with bi € Qi for i = 1,2, ... ,n, then 

(z^2l^l)~^(b) =bn«'ftn-l«'---®^l- (6) 

If 6 e G, then {v2i^i)~^{b) = atcib). Consequently, for any a, 6 G Qoo with b G fcQ'^ and a G A;Q", 
we have 

dH{(t> ® id)CH,A{{i'2ViY^ ® idA){a ®b) = dH{(t>{a) ® {v2ViY^{b)) 
( {4){a),akG{b)) = {(TkG{b),a) = 6a,b, when b G Qq, 

I {{i^2^i)~^,a)'"^^ ^a,b, when b ^ Qq. 

Thus di]) holds. Note that Qn is a basis of not only (A:Q")„ but also {kQ^)n for n > 0. By ([6]), 
{(/•(q) I 9 £ Qn} is the dual basis of {(i^2Z^i)~^(9) I 9 S Qn} for any n > 0. Consequently, ^ 
holds. 

(ii) Let B := kG and M := kQ^. Thus Tb(M) = kQ\ Since {kQf,kQl) is an arrow dual 
pairing, ^^qj is a (A:G)*-Hopf bimodule isomorphism from kQf to (kQI)* by Lemma [T3l Thus 

T^.(M*)=T('=,G).((A:g5)*) 

^ T('5,c')* (^Q?) (by Lemma H and Lemma [IID 

= kQ'^, 

where fs = T^j,f^y{7ro, (CfcQj)~^7i"i)- By Theorem [H the double cross product of Tb{MY"p and 
Tb*{M*) is a local quasitriangular Hopf algebra. Consequently, so is the double cross product 
of {kQ'y°P and feQ"^ ■ 
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Note (LQT4') holds in the above theorem. 

Example 1. Let G = Z2 = (g) = {e,g} be the group of order 2 with char k ^ 2, X and Y be 
respectively the set of arrows from g'^ to g^ and the set of arrows from g to g, and \X\ = \Y\ = 3. 
The quiver Q is a Hopf quiver with respect to ramification r = T|e}.{e} with rjej = 3. Let Xe^ ^ 
Z2 and ay^x denote the arrow from x to y for i — 1,2, 3. Define 6 (flx^x) — x (S) Ox,X) '^~'~('^x,a;) — 
ax^x ^ X, g ■ Ux^x = aglgx, ael ■ g = Xe\g)axl,xg loi x e G, i = 1,2,3. By g], kQi is a kG- 
Hopf bialgebra. Therefore, it follows from Theorem [7| that ((A;(5")™p ixi^- kQ'^,{Rn}) is a local 
quasitriangular Hopf algebra and for every finite dimensional {kQ°'Y°'^ ixj^- A;Q'^-module Af, 
C{R-} 

is a solution of Yang-Baxter equations on M . 

By the way, we obtain the relation between path algebras and path coalgebras by Theorem [5l 

Corollary 1. Let Q he a finite quiver over finite group G. Then Path algebra kQ"" is algebra 
isomorphic to subalgebra X]J^Lo('-'feG^Qi)* '^f i^Q'^)* ■ 

Proof. Let A = {kG)* and M = kQ\. It is clear that ^^gc is a A;G-bicomodule isomorphism 
from kQ\ to (fcQ?)*. See that 

T%,{M*) = Tl^^y^iikQlT) ^ nGiWiY) i ncikQl) = kQ', 

where ui = r^(-,((T^(^7ro, tti), 1/2 = TI:q{7Tq, {^i:qc)~^tti). Obviously, and U2 are coalgebra 
isomorphism. Consequently, it follows from Theorem [S] that kQ'^ is algebra isomorphism to 
subalgebra EZoi^lckQlT of {kQr ■ ■ 
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